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Abstract 
 
 
The electrodynamics of charge guarantee strong correlations between the movements of 
ions on all time scales, even those of atomic scale thermal motion. Ions in channels have been 
imagined as hard balls in a macroscopic mechanical model, for a very long time. Hard balls 
interact by collisions in such models, randomly knocking each other on and off ‘binding’ sites in 
thermal motion. But ions have large charge, and the hard balls of classical models do not. 
Correlations are present whenever Maxwell’s equations apply, so correlations are present in 
individual trajectories, not just averages. Indeed, in a series system like an idealized narrow 
channel, the correlation is perfect (within the accuracy of Maxwell’s equations) because of 
conservation of total current (that includes Maxwell’s displacement current, the ethereal 
𝜀0 𝜕𝐄 𝜕𝑡⁄ ). 
Ethereal current prevents spatial variation of total current in a series system. 
Using macroscopic mechanical models to understand modern simulations (on the atomic 
length and time scale) gives complex results. The simulations show severe stochastic behavior in 
time and space, nearly that of a Brownian stochastic process with particles moving (on the 
average, crudely speaking) at the velocity of sound, some 10−9 meters in 10−12 sec.  
The stochastic complexity of spatial thermal motion disappears for current in a series 
system. Total current does not depend on location in a series system like a narrow ion channel 
on any time scale. 
Spatial variables are not needed to describe total current in a one dimensional channel 
on any time scale, according to the Maxwell equations. Removing the spatial dependence of 
total current should dramatically simplify theories and simulations, one might imagine.  
An important challenge is the construction of a mathematical representation of current 
flow that takes advantage of conservation of total current, and avoids unnecessary detail, and 
the complexity of Brownian motion in space. The task is to actually construct such a simplified 
mathematical representation of total current and to see if that allows the calculation of channel 
properties at different voltages, at different concentrations, with different modulators, with 
different mutations, and with different structures.
1 
Ion channels are narrow systems that accommodate ions close together in a space with 
the diameter of a few water molecules. Correlations produced by electrodynamics are not 
considered explicitly, if at all, in the classical view of ion channels. These correlations arise from 
the strong forces between the charges of the ions. The correlations are made good (i.e., enforced) 
on all time scales by the Maxwell equations of electrodynamics that require exact and universal 
conservation of current eq.  (7), see ref. [1-3], as proven by the mathematics of the identity eq. (6) 
acting on the Maxwell eq. (3), giving the result eq. (7). In fact, correlation between ions in a one 
dimensional series system is unity, within the accuracy of the equations of electrodynamics, and 
so correlations dominate in nearly one dimensional ion channels. The correlations produce 
classical knock-on and knock-off behavior in the flow of ions—but not in the total flow of 
current—that is usually attributed to collisions. (A collision is a sudden change of direction of a 
trajectory. In a one dimensional system a collision is a reversal of direction occuring on a time 
scale much shorter than that of overall movement.)  
Ions in channels have been studied for a very long time in another tradition [4], with a 
macroscopic paradigm appropriate for hard uncharged balls. Ions in channels have been 
imagined to move as uncharged particles through narrow pores, knocking into each other as they 
move, much as billiard balls did in the macroscopic mechanical model of Hodgkin and Keynes, 
with little if any discussion of correlations introduced by the electric field, Fig. 8 of ref [4]1. Hille 
inherited [5, 6] and popularized this view [7]. Hodgkin and Keynes’ ideas of knock-on and knock-
off remain the word picture—the paradigm—used to analyze modern simulations of molecular 
dynamics [8-12] although modern simulations are computed for charged ions on a scale some 
1015 times faster and 108 times smaller than Hodgkin and Keynes’ simulation.  
 
 
 
1 analyzed on p. 81-84 with the help of A.F. Huxley.  
Figure 1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Equal Currents in a vacuum (Region 2) and flanking solutions (regions 1 and 3) in a one dimensional system. The central region 
labelled vacuum contains no matter, no atoms, nothing. Current through it is equal to the current in the end regions even though the 
current carriers are different in each region. Currents are equal on all scales including currents of individual atoms, even if Region 1 
and Region 3 happened each to contain only one atom. Vacuum regions produced by dewetting play an important role in ion channels 
and are probably responsible for the sudden opening and closing of single channels, see references in text. 
Introduction 
Fig. 1 
2 
The model shown in Fig. 1 includes a vacuum gap in Region 2. Ion channels are thought 
to include vacuum gaps as documented below. Ions moving in Region 1 cannot move to Region 
3 because of the vacuum gap. Nonetheless, ions moving in Region 1 produce current in Region 3. 
The electric field produced by the charges in Region 1 spreads through the vacuum of Region 2 
and moves the ions in Region 3. The electric field spreads through the vacuum and links the 
motions of the atoms in Region 1 and the motion of atoms in Region 3. The atomic motions in 
Region 1 and Region 3 are perfectly correlated by the electric field, not by collisions of any type, 
not by knock-on knock-off behavior.  
Motions correlated by electric fields are not irregular in location at all, in a series system 
like Fig. 1. The total current flowing in this system is independent of location everywhere. The 
total current flowing in these regions varies dramatically in time because of thermal motion but 
it does not vary in space. Maxwell’s equations guarantee that the currents are equal at all times 
and on all scales in all regions of a series system [1, 3], as we discuss and prove later in this 
paper, eq. (3)-(7). The time or ensemble averaged currents in each region are equal but so would 
be currents of individual atomic trajectories if Region 1 and Region 2 happened to contain only 
one ion each. 
The components of the current are different in each region of Fig. 1, even though the total 
current is everywhere exactly the same, at all times. In regions 1 and 3, current is produced by 
the movement of ions and also by the polarization (i.e., displacement) of charged matter, often  
drastically approximated by (𝜀𝑟 − 1)𝜀0 𝜕𝐄 𝜕𝑡⁄ .  
In the vacuum region 2, polarization occurs even though there is no matter and there are 
no atoms in region 2. This mysterious polarization of a vacuum is in fact a crucial property of 
the electromagnetic field2 that I think deserves the name ‘ethereal’. [24-26] 
Light is an ethereal current. The polarization of the vacuum allows electromagnetic radiation like 
light to flow in an ethereal current from the sun to the earth. The polarization of the vacuum 
conducts an ethereal current 𝜀0 𝜕𝐄 𝜕𝑡⁄  that is a property of space, not matter, and that exists 
everywhere, in a vacuum, in matter, even inside atoms, as described in textbooks of 
electrodynamics, electricity and magnetism, for example [13-16].  
The ethereal current is part of the relativistic properties of space and time that make the 
charge on the electron independent of velocity, as velocities approach the speed of light, unlike 
mass, length, or time that change dramatically at high velocities. Many textbooks deal with the 
relationship of relativity and electrodynamics, including [17-22]. 
The ethereal current is not equal everywhere in the series circuit of Fig. 1. In the material 
Regions 1 and 3, the ethereal current is likely to be a small fraction of the total current. In the 
vacuum Region 2, the ethereal current is all the current. In the vacuum Region 2, the ethereal 
current is equal to the total current in the material regions 1 and 3, because the regions are all in 
series. None of the components of current are equal everywhere in the series circuit of Fig. 1. 
Only the total current is equal everywhere.  
 
Variables. In this paper, 𝐉𝑡𝑜𝑡𝑎𝑙 is the entire source of the magnetic field 𝐁 that appears on the 
right hand side of Maxwell’s version of Ampere’s law, our eq. (3).  𝐉 is current carried by the 
movement of mass, however small, including what is usually crudely approximated as the 
material dielectric current (𝜀𝑟 − 1)𝜀0 𝜕𝐄 𝜕𝑡⁄ . Only the ethereal current 𝜀0 𝜕𝐄 𝜕𝑡⁄  is isolated in 
 
2 and was recognized as such by Maxwell and his contemporaries.[24-26]  
Theory 
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our field equations below. 𝐉 includes all other currents. 𝐄  is the electric field that measures the 
(mechanical) force on ions (for example). 𝜇0 is the magnetic constant. 
𝜀0 is the electrical constant, the ‘permittivity of free space’. 𝜀𝑟 is the dielectric constant 
used to describe over-approximated dielectrics idealized as discussed in [23], [16], and classical 
texts. Ref [23] documents the difficulty with this representation of polarization by a single 
positive real number 𝜀𝑟 . Ref [1] shows several ways to write electrodynamics without this 
approximation.  
𝐃(𝑥, 𝑦, 𝑧|𝑡) is Maxwell’s displacement vector field defined with the drastic 
approximation 𝐃 = 𝜀𝑟𝜀0𝐄, where 𝜀𝑟 is a single positive real number 𝜀𝑟 ≥ 1.0.  
The problematic nature of 𝐃 and the polarization 𝐏 is widely recognized. Nobel Laureate 
Richard Feynman calls their description of matter ‘incorrect’ (on p. 10-7 of [27], my italics). Another 
Nobel Laureate Edward Purcell is even more critical saying “the introduction of 𝑫 is an artifice 
that is not, on the whole, very helpful. We have mentioned 𝑫 because it is hallowed by tradition, 
beginning with Maxwell, and the student is sure to encounter it in other books, many of which 
treat it with more respect than it deserves.” (Purcell and Morin Ch. 10, p. 500 of [28], my italics.) 
Purcell and Morin (on p. 507, my italics) go on to say even less charitably “This example 
teaches us that in the real atomic world the distinction between bound charge and free charge is 
more or less arbitrary, and so, therefore, is the concept of polarization density     ”  
The same remark applies to 𝐃 because 𝐃 is defined as 𝐃 ≜ 𝜀0𝐄 + 𝐏.  (1)  
It should be clearly understood that if the distinction between bound and free charge is 
more or less arbitrary, so is the entire treatment of the electric field, and electrodynamics, in 
essentially every textbook, following [29-31]. 
It seems that the only way to remove this arbitrariness is to update the Maxwell equations 
so they do not depend on this definition of polarization at all, so they can be written in one form 
appropriate for any material system, no matter how its charge distribution varies with the electric 
field, or other forces. Ref. [1] attempts such an update. 
Special Properties of the Electric Field. At first glance the field equations of the electric field seem 
similar to those of fluid dynamics. But they are not. Fluids do not exist in a vacuum; the electric 
and magnetic fields do.  
In particular, magnetism has no obvious counterpart in fluid mechanics. Electricity cannot 
be separated from magnetism [32, 33], and so the field equations of electromagnetic dynamics 
are fundamentally different from the field equations of fluid dynamics. Feynman illustrates the 
relation of magnetism and electrostatics with simple but dramatic examples, ref. [27] on p. 13-8, 
paragraphs starting “Suppose … “ and “Also …”. These issues are discussed in Feynman 
(p. 13-6 ….) and less elegantly, later in this paper. 
The fundamental source of the electric field is charge. Charge has markedly different 
properties from mass, its apparent analog in fluid mechanics. Charge is independent of velocity, 
even velocities approaching the speed of light. Charge is ‘relativistically invariant’. Charge does 
not vary with velocity according to the Lorentz transformation of the theory of special 
relativity.[17-22] Mass varies with velocity according to the Lorentz transformation and so the 
equations describing the flow of mass are fundamentally different from those describing the flow 
of charge. Magnetism and light itself are consequences of this special property of charge, as is 
the ethereal current 𝜀0 𝜕𝐄 𝜕𝑡⁄  described in textbooks of electrodynamics.  
𝐏. 
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Magnetic fields 𝐁 are generated by  total current 
𝐉𝒕𝒐𝒕𝒂𝒍 = 𝐉 + 𝜺𝟎
𝝏𝐄
𝝏𝒕
  (2) 
according to the following: 
 
 
    1 𝐜𝐮𝐫𝐥 𝐁 = 𝐉 + 𝜀0
𝜕𝐄
𝜕𝑡
     (3) 
Many of the special properties of electrodynamics arise because the electric field changes shape 
as a solution of Maxwell’s equations. A direct integration in time (with zero initial conditions) of 
eq. (3), gives the following, as discussed at length in [1, 3]. 
𝐄(𝑥, 𝑦, 𝑧|𝑡) = 1
𝜀0
∫  ( 1
𝜇0
 𝐜𝐮𝐫𝐥 𝐁 − 𝐉(𝑥, 𝑦, 𝑧|𝑡′))
𝑡
0
𝑑𝑡′ (4) 
 
𝐄(𝑥|𝑡) = − 1
𝜀0
∫ 𝐉(𝑥|𝑡′)𝑑𝑡′
𝑡
0
 Please note that 𝐉(∙) is not 𝐉𝑡𝑜𝑡𝑎𝑙(∙) (5) 
 
         The identity    𝐝𝐢𝐯 𝐜𝐮𝐫𝐥 𝐁(𝑥, 𝑦, 𝑧|𝑡) = 𝟎 (6) 
implies the Universal Exact Conservation of Total Current  
                     𝐝𝐢𝐯 𝐉𝒕𝒐𝒕𝒂𝒍 = 𝟎 (7) 
  
Eq. (7) may look like an ordinary property of an incompressible fluid but it is not. 
Incompressible fluids are only incompressible in an approximation of say 0.01% over a reasonable 
dynamic range of forces. But the electric flow 𝐉𝒕𝒐𝒕𝒂𝒍 being described by eq.(2), (3) & (7) has no 
measurable compressibility for voltages as small as say hundreds of nanovolts or as large as 
billions of volts. Both potentials are accessible in laboratories. The dynamic range of ‘perfect’ 
incompressibility is something larger than 1017. 3 The time scale of validity of eq.(3) & (7) is 
similarly beyond our normal experience, ranging from the shortest times we can measure to the 
time scale of light travelling to stars if not galaxies (depending on how the phenomenon of dark 
matter and dark energy are interpreted).
 
3 Given measurements of astronomical forces in stars, and near galactic centers, the dynamic range is probably very 
much larger. 
𝐈𝐧 𝐨𝐧𝐞 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧, 𝐰𝐡𝐞𝐫𝐞 𝐜𝐮𝐫𝐥 𝐁 = 𝟎,  
the integration gives 
Maxwell’s version of Ampere’s law 
𝜇𝟎 
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Skepticism is appropriate. The reader may agree with me that skepticism is appropriate as one 
thinks through the many extraordinary implications of eq. eq.(3) – (7). Skepticism has been 
expressed by almost all physicists confronted by the properties necessary to describe 
electromagnetic radiation flowing through a vacuum, i.e., eq. (3), going back to Maxwell 
himself [24-26]. That skepticism motivated this and my previous papers on this subject [1-3, 23, 
34-37].  
Remedy for skepticism is mathematics. The mathematics of the derivation leaves no choice in 
these matters, whatever the physical subtleties or social or psychological hang-ups of readers 
like myself. It is difficult to dispute that the mathematical identity eq. (6) acting on the Maxwell 
eq. (3), gives the result eq. (7). 
More discussion of the derivations can be found in ref [1] near p. 28, eq. (27) and in (6) 
where the derivation uses the Bohm version of quantum mechanics. Of course, there may be 
inadvertent errors involved in these derivations, but the derivations are hardly novel. Similar 
derivations are in the literature for 150 years.  
Other details are also in the literature. A long discussion of the microphysics of current 
flow in a series of different components—resistor, vacuum capacitor, semiconductor diode, 
vacuum diode, salt solution, wire—at different times is found near Fig. 2 of [34]. Various 
implications and different ways of allocating components of current and charge are found in [2, 
35-37] and are briefly discussed later in this paper. 
Back to the channel of Fig. 1: it is important to realize that the dominant form of interaction 
between ions are the forces described by eq. (4) & (5). Collisions are not the dominant form of 
interaction of ions in this system. Indeed, the ions in Regions 1 and 3 interact only through the 
electric field. Ions in these two regions cannot collide with each other.  
The example involving a vacuum region may seem artificial when applied to actual 
physical or biological channels. It is not. Real ionic channels include regions of vacuum because 
of dewetting [38] and the filling and dewetting of these regions is thought to be responsible for 
(at least some kinds) of gating of single channels.[39-41] The sudden opening and closing [42, 43] 
of single channels, loosely called ‘gating’, is a central property—even defining feature—of all 
biological channels that are studied one channel at a time [44, 45]. The large literature of 
dewetting in channels can be accessed through ref [38]. 
In Fig. 1, the forces are not the same in each region or location. The forces on charges in 
regions 1 and 3 move the charges to make the total currents equal. The forces are defined by the 
electric field 𝐄(𝑥) of eq. (5) in our one dimensional system where 𝐜𝐮𝐫𝐥 𝐁 = 𝟎. Maxwell’s 
equations in turn determine the 𝐄(𝑥) that enforces the equality of total current.  
The forces can be computed from the appropriate time dependent version of Coulomb’s 
law—a combination of the time dependent continuity equation and Maxwell’s first equation—if 
it includes all charges, of any kind whatsoever. The forces can also be computed directly as the 
solution eq. (4) of the Maxwell version of Ampere’s law, as explained in detail on p. 25 of ref [1]. 
In one dimension, eq. (5) is enough: 𝐜𝐮𝐫𝐥 𝐁 of the magnetic field is zero in a one dimensional 
system. In higher dimensions, the 𝐜𝐮𝐫𝐥 𝐁 field must be determined as well and that involves 
much more than the simple integration shown in eq. (5). The determination then requires the 
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solution of the Maxwell equations and boundary conditions that describe the structure of the 
protein and how it evolves in time. 
One dimensional systems are remarkably simple, as well as important. The simplicity of the one 
dimensional eq. (5) compared to the three dimensional eq. (4) is striking. In a series system like 
a channel or a diode, the one dimensional integral eq. (5) requires only knowledge of the total 
current. It requires knowledge of a single value—a function of time, but not a function of space. 
Current 𝐉𝒕𝒐𝒕𝒂𝒍(one dimensional) can be evaluated at any convenient location because it is 
independent of location. That current is experimentally accessible. It can be measured by the 
voltage drop across a small resistor inserted anywhere in the series system. That current 
𝐉𝒕𝒐𝒕𝒂𝒍(one dimensional) can be determined by a theory, or numerical calculation, or simulation at 
just one location, including perhaps by a boundary condition that is simpler than field equations. 
On the other hand, using the three dimensional eq. (4) requires a complete solution of Maxwell’s 
equation, in space and time, which is a formidable task in any situation, and more or less 
impossible in time varying protein structures, or realistic electronic circuits, for that matter.  
A comparison of eq. (5) and eq. (4) suggests why so much of our technology and so much 
of biology can be described by one dimensional branched circuits. In one dimensional systems 
current (and energy) cannot ‘leak into space’. Signals stay where they are supposed to be. Signals 
on one wire can be kept distinct from signals elsewhere. The 𝐁 field that describes leakage into 
space does not have to be evaluated because 𝐜𝐮𝐫𝐥 𝐁 does not exist in one dimension.  
Note that conventional circuit diagrams [46] do not show the return paths by which 
currents ‘complete the circuit’. By convention they only show a perfect ground. In real circuits 
[47-49], the return paths for current force a certain component of two dimensional behavior. 
There is an area involved because the forward and return circuits are not in the same place. 
Indeed, branched one dimensional circuits also have analogous areas. These areas are small (in 
some sense) but they may generate significant 𝐁 fields, in special cases, e.g., in ground planes 
and ground return circuits, and this may complicate and limit the use of these circuits, at least in 
my view, because 𝐜𝐮𝐫𝐥 𝐁 is no longer zero in two dimensions. Twisted pairs allow high speed 
data transmission and replaced coaxial cable, making the ethernet and internet possible at 
reasonable cost. The area between the conductors in the twisted pair is nearly zero and so the 
two dimensional properties are minimized as will be the curl B field, in my view. 
Molecular Dynamics. Modern simulations of the dynamics of atoms [50-53] do not explicitly 
consider the conservation of current or the correlations it produces, as far as I know.[51, 54] They 
rather use Coulomb’s law as their only description of their time varying dynamic electric field4 
despite Feynman’s admonition, slightly paraphrased here) that “Coulomb’s law is false. It is only 
to be used for statics.” [(p.15-14 of [27]: my emphasis and italics.]  
Incomplete truths. Indeed, Feynman goes on to use Coulomb’s law as an example of the 
“… danger in [using the scientific] process before we get to see the whole story. The incomplete 
truths learned become ingrained and taken as the whole truth. What is true and what is only 
sometimes true become confused.” [slight paraphrase; my emphasis and italics].  
 
4 Electric fields in molecular dynamics are not static. They vary on time scale typically represented as a discrete 
process with time steps of ~10−15sec. 
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This statement might be the theme of this entire article and its predecessors [1-3, 23, 34-
37]. They are devoted to removing the incomplete truths in the classical formulation of Maxwell’s 
equations.  
There can hardly be a more important example of “incomplete truths taken as the whole 
truth” than classical Maxwell equations, with their nearly arbitrary 𝐃 and 𝐏 fields. The confusion 
of “what is true and what is only sometimes true” is particularly evident in the misuse of the 
dielectric constant in nearly every textbook of electrodynamics.[23] 
Modern molecular dynamics do further damage in their treatment of the electric field. 
Not only do they use only the static Coulomb’s law to compute electrodynamics on a 10−15sec 
scale, they further approximate a general non-periodic electric field as a periodic system and use 
various conventions involving Ewald sums to evaluate the electric field. They usually compute 
the field with three dimensional Ewald sums derived classically from conditional infinite series, 
without discussion of the Riemann rearrangement theorem and the lack of uniqueness of the 
value of any conditional infinite series. The electric fields and transport are computed at 
equilibrium despite the presence of large atomic scale flows (evident in the trajectories of the 
simulation) and the presence of large macroscopic flows that are crucial to the natural function 
of the molecules being simulated. Numerical checks of the validity of the expressions used are 
notable by their absence, particularly compared to the numerical checks of simulations of 
particles in semiconductors, see Ref [55] Fig.6.34-6.36, p. 313-315, that do not use periodic 
boundary conditions or assumptions of zero flow. Indeed, some of that checking has been done 
for ions in water and published in detail [56-62].  
The effects of these approximations on the (universal and exact) reality of conservation 
of current are not clear. Even the simplest quantities like the concentration (i.e., number density) 
of ions are affected. [The reader from the physical sciences needs to be reminded that the type 
and concentration of ions are dominant determinants of the function of many biological systems 
and molecules.] The periodic boundary conditions, for example, make it difficult even to define 
the concentration (i.e., number density) of ions precisely. Different research groups define 
concentrations with different conventions producing different results.[63] ‘Conventions’ are not 
part of mathematics or well-defined physical theories because they produce results that cannot 
be transferred from one research group to another or from one set of experimental conditions 
to another. They are called ‘nontransferable’ for that reason. Non-transferrable theories are not 
helpful in designing systems like integrated circuits that operate under a range of conditions. 
Currents reported in simulations have great complexity in space and time, approximating the 
properties of a mathematical Brownian stochastic process that reverses direction an uncountably 
infinite number of times in any finite interval, no matter how brief. Maxwell’s equations 
guarantee spatially uniform currents in a series system like a channel on all time scales, even for 
systems in thermal motion, involving a few atoms or just one, even inside atoms [3, 64-67], even 
for individual trajectories approximating a trajectory in a Brownian stochastic process.  
Spatially uniform currents do not involve the location variable. They are much much less 
complex than currents that vary almost as Brownian processes in space. Indeed, a constant (in 
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space) is about as different from a Brownian trajectory (in space) as it could be: a constant 
replaces a function of unbounded variation. 
Here seems an opportunity to create a mathematics, or mathematical physics, that 
greatly simplifies the analysis of current flow in series systems, if this special property of total 
current can be exploited, as it has been in the semiconductor literature of one dimensional 
devices for a long time. Ferry [68, 69] provides a fine modern treatment of a classical literature 
[70] that includes [71-74]. This approach was extended to ions in channels by Schuss and 
collaborators [75] using the theory of stochastic processes (e.g., an adaption of renewal theory) 
to deal with the complicated shot noise produced when several types of ions move through 
channels, each with a different current voltage relation that is not independent. Each varies with 
concentration of every type of ion. Ethereal current 𝜀0 𝜕𝐄 𝜕𝑡⁄  was not included in the work of 
Schuss and collaborators. 
Branched networks are one dimensional systems of particular interest because they form 
the circuits of our digital electronics and computers. Kirchhoff’s current law can be slightly 
generalized [2] to describe branched networks of one dimensional components. A further 
generalization could include the branched networks of our nerve cells and nervous system, and 
even much of the ‘circuitry’ of biochemical metabolism described in detail in classical 
biochemistry textbooks. 
Total current is simpler than ionic movement. Current flow 𝐉𝑡𝑜𝑡𝑎𝑙 is easier to understand and to 
compute, on all scales, than the motions of all atoms (as measured by flux 𝐉). Ions move 
cooperatively, because of the electric field. Collisions are not the dominant form of interaction 
of ions. The dominant form of interaction is the perfectly correlated motion required so total 
current flow is conserved (exactly, everywhere on all time and length scales in which the Maxwell 
equations are valid).[1-3, 23, 34-37] 
Models of biological function (that depend on total current [76]) can be easier to understand 
than models involving all atomic motions because of these cooperative movements, just as 
movements of current in the wiring of our home, or the transmission lines which connect our 
homes to a generator in a remote power plant, is much easier to understand than all the 
movements of charges involved in those currents. 
Correlations do not depend on averaging. It is important to understand that these correlations 
occur in individual trajectories on all time and length scales whenever Maxwell’s equations apply.  
The correlations do not depend on averaging. In particular, the correlations are perfect in 
one dimensional series systems on atomic time scales.5 They guarantee equality of current at all 
locations within ion channels, at all time scales, without temporal or spatial averaging, to the 
extent that ion channels are one dimensional systems. If the pore of the ion channel has regions 
without mass (e.g., vacuums without water or ions because of de-wetting [38], for example) 
current flow through that region is equal to total current flow everywhere else in the one 
dimensional system as described in previous paragraphs.  
 
5 The correlation function is in fact 1 − δ in a one-dimensional series system, where δ is the accuracy of Maxwell’s 
equations of electrodynamics. 
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These special properties of current in a one dimensional system arise from the 
electrodynamics of charge. The electrodynamics of charge are specified by partial differential 
equations that exist everywhere and specify forces everywhere, not just between particles. 
Electrodynamics is difficult to define using only particles because 𝜀0 𝜕𝐄 𝜕𝑡⁄  is a property of (all) 
space, not just the space containing particles. Electrodynamics usually requires field equations, 
typically partial differential equations, to describe 𝜀0 𝜕𝐄 𝜕𝑡⁄ . Theories that include only the 
locations of charges have difficulty capturing 𝜀0 𝜕𝐄 𝜕𝑡⁄  where the particles are not, i.e., almost 
everywhere.  
In special cases, where structure changes very little, pre-charged capacitors—between 
acid and base side chains of proteins and the pore of the channel, for example—can be used to 
gain insight, using the divergence theorem, partial integration, and the mean value theorem to 
approximate the charge stored in the partial differential equations.6 This is equivalent to using 
nonzero (time independent permanent) initial conditions on charge to determine the 𝑡′ =
0 component (i.e., the 𝑡′ = 0 lower ‘limit’ of the definite integral) in eq. (4) & (5).The pre-charged 
capacitors are an electrical engineer’s way of avoiding the more awkward phrase “charge (per 
volt) in Coulomb’s law”.[24-26] 
Updating Maxwell. Textbooks hardly mention electrical currents produced by convection, 
diffusion, and (realistic) polarization [23] that are essential components of many biological (and 
technological) systems. Recent papers [1, 3] show one way to update the Maxwell equations to 
include these important currents while removing the nearly arbitrary definitions of polarization 
𝐏 and the displacement field D. Updating Maxwell forces a reassignment of the components of 
current. Ref. [1] tries to do this with minimal changes to the classical forms of electrodynamics 
found in textbooks for a long time [29-31, 77] so attention can be focused on the main issues of 
physics, and not the (somewhat) arbitrary definition of components. The definitions in Ref. [1] 
are certainly not unique, and not likely to be to the taste of all readers. But focus should be on 
the special properties of the electric field and the remarkable consequences of Ampere’s law 
(Maxwell version eq. (3)), namely eq. (4), (5) & (7). These are independent of the choice of 
components. 
Current in a one dimensional series system. The consequences of conservation of total current 
are particularly striking in a one-dimensional series system like an ion channel. There, 
conservation of total current means that total current is equal everywhere, independent of 
location, at any time.7 Note that the flow of atoms 𝐉 (strictly speaking the flux of mass that has 
charge) is not equal everywhere in a series circuit because mass and charge can accumulate when 
𝜕𝐄 𝜕𝑡 ≠ 0⁄ .[35] 
All who work with real circuits know the importance of 𝜕𝐄 𝜕𝑡.⁄  They know the importance 
of the dielectric charge that moves and accumulates in ‘stray’ capacitances according to 
𝜀𝑟𝜀0 𝜕𝐄 𝜕𝑡 ⁄  [2, 35], where 𝜀𝑟 is the (dimensionless) dielectric constant. Note that 𝜀0 is an 
 
6 Maxwell [24-26] used this approach (with the name ‘specific inductive capacity’) and Wolfgang Nonner showed it 
to me. 
7 To be more precise, the integral of current across the cross section of the channel is defined as the total current in 
a nearly one-dimensional system. The radial current is assumed to be independent of spatial location. It does not 
have to be assumed to be small, although it usually is small. 
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irreducible unavoidable component of 𝜀𝑟 . The dielectric constant 𝜀𝑟 cannot be zero. It is larger 
than one 𝜀𝑟 ≥ 1. The 𝜀𝑟 = 1 is degenerate and does not describe anything except a vacuum. 
The effects of 𝜀𝑟𝜀0 𝜕𝐄 𝜕𝑡 ⁄  are large in real circuits and cannot be missed. Indeed, if stray 
capacitances are not included in the analysis of circuits, the circuits do not perform as desired. 
The charge in the stray capacitance helps produce the familiar 1 − exp(− 𝑡 𝑅𝐶⁄ ) charging curve of 
the (prefect ideal) resistor 𝑅 to a step of current. 𝐶 is the capacitance associated with the 
polarization (𝜀𝑟 − 1)𝜀0 𝜕𝐄 𝜕𝑡⁄ , of an ideal dielectric plus the polarization accompanying the 
ethereal current 𝜀0 𝜕𝐄 𝜕𝑡.⁄  [35] 
The ethereal current 𝜀0 𝜕𝐄 𝜕𝑡⁄  is universal, unchangeable, and unavoidable. The 
customary characterization of 𝜀𝑟𝜀0 𝜕𝐄 𝜕𝑡⁄  as a ‘stray’ property is rather misleading. The noun 
‘strays’ is used in ordinary English to describe someone or something that wanders homelessly, 
without family, something changeable to be avoided. ‘Stray capacitances’ on the other hand, 
contain a component that cannot stray. They contain a component 𝜀0 𝜕𝐄 𝜕𝑡⁄  that is unicersal, 
unavoidable and unchangeable. All resistors (and resistances) are associated with a capacitance 
produced by 𝜀0 𝜕𝐄 𝜕𝑡⁄ . Ref. [2, 35] show how to evaluate that ethereal capacitance and include 
it in electrical circuits. 
The ethereal current acts as a perfect low pass spatial filter, filtering spatial components 
completely. The ethereal current prevents the knock-on knock-off behavior of total current. 
Evaluating separately the two components of total current—namely the ethereal 
displacement current 𝜀0 𝜕𝐄(channel; 𝑥) 𝜕𝑡⁄  and 𝐉(channel; 𝑥) that sum to make the total current 
𝐉𝒕𝒐𝒕𝒂𝒍, see eq. (2)—requires computations of all the forces between all the atoms in Fig. 1 for the 
times of interest (as described by eq. (5) and in detail on p. 25 of Ref. [1]).  
The computation of the components 𝜀0 𝜕𝐄(channel; 𝑥) 𝜕𝑡⁄  and 𝐉(channel; 𝑥) is much 
more difficult than the computation of the total current itself 𝐉𝑡𝑜𝑡𝑎𝑙(channel), particularly given 
the:  
(a) nearly eleven orders of magnitude between the time scale of atomic motion and most 
biological function  
(b) enormous range and strength of the electric field.  
(c) complexity of engineering structures and additional time dependence of complicated 
 biological structures. 
𝐉𝑡𝑜𝑡𝑎𝑙(channel) is easy to evaluate. 𝐉𝑡𝑜𝑡𝑎𝑙(channel) can be evaluated or measured at any 
single convenient location because it is independent of location in a one dimensional series 
system like a channel, including at the boundary. Indeed, in theories and simulations a boundary 
condition often specifies the current at the boundary location, making its evaluation trivial. In 
experiments, it is usually possible to embed a low value resistor in series with the system and 
measure the electrical potential across the resistor. 
Gating Current of voltage dependent channels. Calculations of the components of gating current 
(of the voltage sensor of a voltage activated channel) illustrate this point.[78] Calculations of 
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gating current in full atomic detail [79] can use Langevin equations to avoid equilibrium 
assumptions in its molecular dynamics. 
Computations of current flow in classical molecular dynamics are particularly difficult to 
understand, beyond the admonitions of Feynman presented previously on p. 6. Classical 
molecular dynamics assumes periodic boundary conditions even though no current or flux can 
flow between boundaries at the same potential. Classical molecular dynamics assumes 
equilibrium but no current or flux flows at equilibrium. So how can classical molecular dynamics 
calculate a gating current, or any current for that matter, without two kinds of inconsistency? 
Inconsistent calculations can be done different ways with different results, making comparison 
of results difficult between different research groups, and thus significantly hindering progress 
in understanding. In such situations, the science may not be a social process that converges to a 
single successful result, useful in understanding, designing, and constructing new systems. 
Independent of these issues, molecular dynamics may be able to describe atomic motions 
correlated by electrodynamics if it were modified to accurately compute electrodynamic forces. 
If molecular dynamics were to accurately compute electrodynamic forces, and if the system being 
simulated has polarization that everywhere can be described by a single real dielectric constant 
(as described in detail in ref [1], eq. 17, for example), it can describe atomic motion, once the 
calculation is properly extended to the biological time scale.8 But this calculation cannot be done 
with classical methods of molecular dynamics [50-53] used in hundreds or thousands of 
laboratories today. [85, 86] 
If dielectric properties vary significantly with location or anything else, calculation of 
polarization forces requires calculations of many ‘bodies’, and thousands of terms are needed for 
each body in the usual multipole expansions [80], when charged bodies are close together. 
Scientists are sometimes surprised at just how slow convergence is of a multipole expansion 
when charges are near each other. 
What is needed to provide atomic resolution of particle motion (in my opinion) is a 
molecular dynamics that exploits the special properties of total current, perhaps using the 
averaging-in-time methods introduced by Ma and Liu [81, 82] that yield the Poisson Nernst Planck 
model as an approximation [83]. Or perhaps by introducing a quasi-particle, a conducton that 
automatically satisfies equality of total current in a series system. 
Current in biology. Current has been the main property of interest in many biological systems 
since the work of Hodgkin and Huxley [76], if not Hodgkin 1937 [84]. Current remains the focus 
of much biological interest [44, 45]: most of the channels in the nervous system and many in 
skeletal, cardiac, and smooth muscle seem to exist to pass currents, not to create fluxes of 
particular ions. These systems are not without general interest. Channel disfunction and the 
resulting abnormal conduction in cardiac muscle kills hundreds of thousands of people in the 
United States every year. Skeletal muscle makes up a large fraction of the mass of animals. The 
 
8 In implementing these calculations it may be useful to remember that potentials at short times are not well 
screened, because the ions of the system take some nanoseconds to respond. Dielectric screening is much faster 
but also much less effective. Crudely stated, potentials at short time reach to infinity while those at long times do 
not. Charges are so well shielded (by the ionic atmosphere at steady state) that ionic systems at long times behave 
as if they are electroneutral in some respects.[85,86]  
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control of biological functions rests in the nervous system and in the channels that control its 
nerve cells and their connections.  
The PNP class of models deal with current and electrodynamical correlations automatically, 
in the time dependent form of PNP, because the equations themselves satisfy the Maxwell 
equations. PNP is a nickname for the Positive Negative Positive ‘doping’ of a bipolar PNP 
transistor that might be analogous to a Positive Negative Positive spatial distribution of side 
change charge in a biological channel. PNP is also a nickname for the Poisson Nernst Planck 
equations. The pun—the double meaning of these nicknames—was intentional; indeed it was 
the main reason I chose this name.[87] 
PNP models have played a crucial role in semiconductors (even with the limitations of its 
classical form) by describing the motion of its ‘ions’ (really, the quasiparticles called holes and 
‘electrons’ [55, 88-93]) and is also important in physical and electrochemistry [94], despite its 
treatment of ions as points [95, 96]. PNP has recently been applied [97-104] to ion channels, 
allowing insight into the correlations determined by the electrical field.[99] 
The classical PNP models need to be modified to deal with other types of correlations, for 
example, with the atomic scale correlations produced by steric exclusion, for example. Spatial 
correlations are included in many modern versions of PNP, for example, PNPF9 [105-108], now 
renamed PNPB [109]. B stands for Bikerman whose elegant paper [110] seems to have started 
this approach.  
PNPB is one of the more successful versions in dealing with bulk solutions, according to 
experimentalists [111]. PNPB has also been applied with some success to ion channels [105-108], 
including  
(1) a model of the EEEE calcium channel used in many previous analyses;  
(2) a model using the full structure of KcsA (Protein Data Bank PDB id 3F5W); and 
(3) a model using the full structure of the transporter NCX (Protein Data Bank PDB id 3V5U).  
The models are reduced. The atoms of the protein are do not move. 
It should be clearly understood that no matter what are the spatial correlations, the total 
current 𝐉𝒕𝒐𝒕𝒂𝒍 will not vary with spatial location in a series system like an ion channel. The 
ethereal current which is a solution of Maxwell’s equations guarantees spatial uniformity of total 
current in a series system no matter what the other particle interactions, steric, knock-on or 
knock-off, or whatever, including chemical interactions involving redistribution of electrons in 
their orbitals around atoms in molecules.  
 
 
9 F stands for the Fermi-like distribution that accounts for correlations induced by spheres filling a channel or space.  
Discussion 
13 
Molecular Dynamics. It is not clear to what extent classical molecular dynamics [50-53] deals 
with the spatial correlations implied by conservation of current because of the complex codes 
used to approximate electrostatics and because of the inherent contradiction between current 
flow and periodic boundary conditions on electrical and electrochemical potential: obviously 
current does not flow between the boundaries of a computational cell which have the same 
potential, as they do in periodic systems.  
More subtly periodic systems have been used, exploiting a toroidal (i.e., doughnut) 
geometry to allow current flow, but they involve artifacts as well: fluxes, not just current, are 
equal in these systems. Indeed, periodic boundary conditions impose exact equality on all co-
ordinates of phase space not found in actual solids, on all time scales, even at a temperature of 
absolute zero, as pointed out sometime ago [112] and earlier in other publications unknown to 
me, no doubt.  
In particular, periodic boundary conditions imply that location, velocity, acceleration, and 
cross coupling of all of those coordinates are periodic. Cross coupling is a difficult problem 
particularly in periodic approximations to systems with significant polarization current.  
Polarization implies that every particle interacts with every other one. The number of such 
interactions is substantially—actually astronomically—larger than the number of particles in the 
system, particularly because pair-wise interactions are only a small fraction of the total number 
of significant interactions between polarizable particles. Indeed, it is not clear that a precise 
meaning can be given to the word ‘state’ in a system with polarization. If defining a state requires 
as many coordinates as defining the system itself, the state is nearly as hard to define as the 
system itself. Difficulties are not made easier by the uncountable infinity of locations needed to 
characterize the spatial properties of polarization. The idea of state is central to much of 
statistical physics and chemistry; the ethereal displacement current term 𝜀0 𝜕𝐄 𝜕𝑡⁄  guarantees 
the universal existence of polarization current even in systems that do not include material 
polarization, for example systems that do not include (𝜀𝑟 − 1)𝜀0 𝜕𝐄 𝜕𝑡⁄ . These difficulties seem 
important in the reconciliation of electrodynamics and statistical mechanics, at least in its 
classical formulation. 
Where are the checks and tests? In looking at the literature of molecular dynamics, what is 
striking is the dearth of direct tests that answer the obvious questions that have to be answered 
in any mathematically sound treatment of charged particles and their motions:  
1) Do the simulations (of molecules dynamics of charged particles) satisfy the Poisson 
equation relating charge and electric field, or do they not?  
2)  Do the simulations (of molecular dynamics of charged particles) agree with analytical 
solutions (or numerical solutions of simple geometries known to be nearly exact) of the 
Poisson equation or not?  
Comparison with known solutions of Maxwell’s first and second equations are obviously 
needed, in my opinion.  
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Comparisons of this sort are the main topic of the numerical analysis of differential 
equations described in a voluminous literature. Simulations of molecular dynamics are solutions 
of differential equations, but they seem not to have been checked as other solutions of 
differential equations need to be checked. Checks of this sort are done routinely in particle 
simulations of computational electronics that solve differential equations quite similar to those 
in molecular dynamics. Ref [55] Fig. 6.34-6.36: p. 313-315 serves as an example and a modern 
entry point to the thousands of papers that document the work of the community working on 
computational electronics. There seems no logical reason similar tests cannot be performed on 
systems. Ferry and Ramey [113, 114] show how to apply these methods to static systems with 
finite size charges. Indeed, some of that checking has been done and published in detail [56-62]. 
Other methods combining dynamics and electrostatics have been developed [115-121], 
including many I am unaware of, no doubt. These methods also need to be tested directly to see 
if they yield exact equality of current in a series system, at all times, locations, and under all 
conditions. The results need to be compared with analytical solutions (or numerical solutions of 
simple geometries known to be nearly exact) of Maxwell’s first and second equations. 
Coupling of flows in biology. When modern molecular dynamics [50-53] and simulations are 
extended to include electrodynamics, and its simplifying correlations of ionic movement, more 
general insights into the mechanism of protein function are likely to emerge, particularly in 
processes like oxidative phosphorylation and photosynthesis in which electron flow is significant. 
Electron flows produce the chemical energy (in the form of ATP) which power almost all of the 
chemical processes of life. The coupling of electron flow and the movement of charged solutes 
(i.e., ions) is the crucial step in both oxidative phosphorylation and photosynthesis. The coupling 
is mediated by transporter proteins in the membranes of chloroplasts and mitochondria and is 
usually considered only on the atomic scale (say 10−10 m) of chemical interactions. But the 
electron flow is linked to the flow of ions by conservation of current and this may produce 
significant coupling, depending on the macroscopic structure and setup, in addition to the 
atomic scale ‘chemical’ coupling.  
Note the coupling in transporters will depend on the macroscopic structure and 
experimental setup in which the transporters and membranes function and are studied. Native 
organelles are ‘finite cells’ in which all membrane currents sum to zero, because there is no 
significant variation of potential within their cytoplasm [122-125]. Lipid membranes in 
experimental chambers are studied in voltage clamp mode, in which there is no requirement that 
the sum of all currents across the membrane be zero. Coupling of transporters measured in an 
artificial experimental setup is unlikely to be the same as coupling in native organelles where the 
transporters function. 
These issues and the biophysical implications are profound because the coupling is a main 
mechanism of energy production and transduction in all of life. Coupling is a fundamental 
mechanism in nearly all active transport systems, and these are among the most important 
mechanisms in cells, in both health and disease.  
It is important that coupling by conservation of current not be confused with atomic scale 
chemical coupling, if the mechanism is to be understood and controlled. Otherwise, artifacts can 
corrupt understanding of the atomic mechanisms. In macroscopic systems, part of coupling is 
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determined by physiologically irrelevant choices in the design of the setup. That part of coupling 
should not be attributed to atomic mechanism of the transporter itself. 
Coupling of fluxes is multiscale. The central point is that coupling is not simply a ‘chemical’ 
atomistic process of a particular transport protein or complex of proteins. It also depends 
critically on the geometry of the organelle or structure within which it is found and on the setup 
chosen by the investigator to study the transporter. Coupling is inherently multiscale because it 
involves the flow of (total) current. Current is described by the Maxwell equations that link all 
scales, see eq.(2), (3) & (7).  
Conservation of total current couples everything in addition to coupling that occurs on 
the atomic scale of chemical interactions, as mentioned many times in this paper. These issues 
are discussed in more detail on p. 13 of [34], p. 23 of arXiv version; p. 11 of [35]; p. 10 of [2].  
Mathematics. The question is how to include the perfect spatial correlation implied by 
conservation of current in our mathematical models and simulations of a series system. How do 
we take advantage of a property of the system that has no dependence on location?  
One way is to reformulate variational principles like EnVarA [126] to use the Maxwell 
equations, or conservation of total current, to determine the electric field, instead of Poisson’s 
equation. Another way is to apply conservation of total current as a constraint in the variational 
approach.  
Quasiparticles in channels and solutions. Still another way might involve quasiparticles in the 
tradition of solid state physics, where the quasiparticles of semiconductors (holes and 
‘electrons’), superconductors (‘Cooper pairs’), polarons, phonons, and so on, have been so useful.  
We could construct conductons that are quasi-particles of total current (including the 
ethereal displacement current ε0 ∂𝐄 ∂t⁄  of course). They would be complemented by the left 
over properties captured by polarons and diffusons, to deal with nonclassical polarization and 
concentration dependence, respectively. The resulting permion might indeed show simple 
knock-on, knock-off phenomena, analogous to those seen by Hodgkin and Keynes.  
Permions [127] have been suggested to represent quasi-particles for ions permeating in 
channels. Ref. [128] shows some of the difficulties involved because different permeating ions 
follow different paths through the channel, twisting in three dimensions in different ways [127, 
129], and thus requiring two quasi-particles I suspect. Each permion would not satisfy 
conservation of total current and so their spatial variation might allow knock-on and knock-off 
behavior. Only total current is immune from spatial variation. 
The central question is this: can we use the special property of equality of total current as a lever 
to pry open the entire channel system? Can we determine the main biological function of many 
channels, the current through the channel as it varies with voltage, concentration, and structure 
of the channel, without dealing with the complexities of a spatial Brownian process, without 
dealing with knock-on and knock-off of particles in binding sites, to cite just one example? 
The task is to actually construct such a simplified mathematical representation of current 
flow in general and in channels that takes full advantage of conservation of total current, and 
avoids unnecessary detail, particularly in one dimensional or series systems. 
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Simplicity is indeed the goal, but it cannot be found in treatments that ignore the electric field, 
as it is ignored in classical treatments of knock on and knock off in ion channels, widely used 
today. The electric field creates correlations that simplify real systems.10 Maxwell’s equations 
smooth the unbounded variation of a Brownian motion in space to a constant, the ultimate 
simplification, providing the greatest possible low pass spatial filtering in one dimensional 
channels.  
Simplicity is found when we study (total) current flow, not ion movement. 
 [130-132] 
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10 Consider the correlations between the two ends of Kelvin’s transatlantic telegraph cable [130-132]. We note that 
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 17 
References  
 
1. Eisenberg, R. S. 2019. Updating Maxwell with Electrons, Charge, and More Realistic Polarization. 
arXiv preprint available at https://arxiv.org/abs/1904.09695. 
2. Eisenberg, R. S. 2019. Kirchhoff's Law can be Exact. arXiv preprint available at 
https://arxiv.org/abs/1905.13574. 
3. Eisenberg, B., X. Oriols, and D. Ferry. 2017. Dynamics of Current, Charge, and Mass. Molecular 
Based Mathematical Biology 5:78-115 and arXiv preprint https://arxiv.org/abs/1708.07400. 
4. Hodgkin, A. L., and R. D. Keynes. 1955. The potassium permeability of a giant nerve fibre. J. Physiol. 
128:61-88. 
5. Hille, E., and W. Schwartz. 1978. Potassium channels as multi-ion single-file pores. J. Gen. Physiol. 
72:409-442. 
6. Hille, B. 2010. What makes ion channels exciting – a penetrating interview with Bertil Hille. 
Physiology News(81):13-14. 
7. Hille, B. 2001. Ion Channels of Excitable Membranes. Sinauer Associates Inc., Sunderland. 
8. Kemsley, J. 2016. Scientists settle debate over how a potassium ion channel works. Chemical and 
Engineering News (C&en) 94(38):32-33. 
9. Köpfer, D. A., C. Song, T. Gruene, G. M. Sheldrick, U. Zachariae, and B. L. de Groot. 2014. Ion 
permeation in channels occurs by direct Coulomb knock-on. Science 346(6207):352. 
10. Bernsteiner, H., E.-M. Zangerl-Plessl, X. Chen, and A. Stary-Weinzinger. 2019. Conduction through 
a narrow inward-rectifier K+ channel poreConduction of PIP2-bound GIRK2 in the absence of Gβγ. 
The Journal of general physiology 151(10):1231-1246. 
11. Kopec, W., D. A. Köpfer, O. N. Vickery, A. S. Bondarenko, T. L. Jansen, B. L. De Groot, and U. 
Zachariae. 2018. Direct knock-on of desolvated ions governs strict ion selectivity in K+ channels. 
Nature chemistry 10(8):813. 
12. Heer, F. T., D. J. Posson, W. Wojtas-Niziurski, C. M. Nimigean, and S. Berneche. 2017. Mechanism 
of activation at the selectivity filter of the KcsA K+ channel. eLife 6:e25844. 
13. Jackson, J. D. 1999. Classical Electrodynamics, Third Edition. Wiley, New York. 
14. Zangwill, A. 2013. Modern Electrodynamics. Cambridge University Press, New York. 
15. Lorrain, P., D. R. Corson, and F. Lorrain. 1988. Electromagnetic Fields and Waves: Including Electric 
Circuits. Freeman. 
16. Robinson, F. N. H. 1973. Macroscopic electromagnetism. Pergamon. 
17. Rosser, W. G. V. 2013. Classical Electromagnetism via relativity: An alternative approach to 
Maxwell’s equations. Springer. 
18. French, A. P. 2017. Special relativity. CRC Press. 
19. Woodhouse, N. M. J. 2007. Special relativity. Springer Science & Business Media. 
20. Kosyakov, B. 2007. Introduction to the classical theory of particles and fields. Springer Science & 
Business Media. 
21. Kosyakov, B. 2014. The pedagogical value of the four-dimensional picture: II. Another way of 
looking at the electromagnetic field. European Journal of Physics 35(2):025013. 
22. Dunstan, D. 2008. Derivation of special relativity from Maxwell and Newton. Philosophical 
Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences 
366(1871):1861-1865. 
23. Eisenberg, R. S. 2019. Dielectric Dilemma. preprint available at https://arxiv.org/abs/1901.10805. 
24. Simpson, T. K. 1998. Maxwell on the Electromagnetic Field: A Guided Study. Rutgers University 
Press. 
25. Maxwell, J. C. 1865. A Treatise on Electricity and Magnetism (reprinted 1954). Dover Publications, 
New York. 
 18 
26. Maxwell, J. C. 1865. A Dynamical Theory of the Electromagnetic Field. Philosophical Transactions 
of the Royal Society of London 155:459-512. 
27. Feynman, R. P., R. B. Leighton, and M. Sands. 1963. The Feynman: Lectures on Physics,  Mainly 
Electromagnetism and Matter. Addison-Wesley Publishing Co., also at  
http://www.feynmanlectures.caltech.edu/II_toc.html, New York. 
28. Purcell, E. M., and D. J. Morin. 2013. Electricity and magnetism. Cambridge University Press. 
29. Abraham, M., and A. Föppl. 1905. Theorie der Elektrizität: Bd. Elektromagnetische Theorie der 
Strahlung. BG Teubner. 
30. Jeans, J. H. 1908. The mathematical theory of electricity and magnetism. University Press. 
31. Abraham, M., and R. Becker. 1932. The Classical Theory of Electricity and Magnetism. Blackie and 
subsequent Dover reprints, Glasgow, UK. 
32. Einstein, A. 1952. On the electrodynamics of moving bodies. The principle of relativity. Dover, pp. 
37-65. 
33. Einstein, A. 1905. On the electrodynamics of moving bodies. Annalen der Physik 17(891):50. 
34. Eisenberg, R. S. 2016. Mass Action and Conservation of Current. Hungarian Journal of Industry 
and Chemistry  Posted on arXiv.org with paper ID arXiv:1502.07251 44(1):1-28. 
35. Eisenberg, B., N. Gold, Z. Song, and H. Huang. 2018. What Current Flows Through a Resistor? arXiv 
preprint arXiv:1805.04814. 
36. Eisenberg, B. 2016. Conservation of Current and Conservation of Charge. Available on arXiv as 
https://arxiv.org/abs/1609.09175. 
37. Eisenberg, B. 2016. Maxwell Matters. Preprint on arXiv https://arxiv.org/pdf/1607.06691. 
38. Jia, Z., M. Yazdani, G. Zhang, J. Cui, and J. Chen. 2018. Hydrophobic gating in BK channels. Nature 
communications 9(1):3408. 
39. Zhu, F., and G. Hummer. 2012. Drying Transition in the Hydrophobic Gate of the GLIC Channel 
Blocks Ion Conduction. Biophysical Journal 103(2):219-227. 
40. Rasaiah, J. C., S. Garde, and G. Hummer. 2007. Water in Nonpolar Confinement: From Nanotubes 
to Proteins and Beyond. Annu Rev Phys Chem. 
41. Rao, S., G. Klesse, P. J. Stansfeld, S. J. Tucker, and M. S. Sansom. 2019. A heuristic derived from 
analysis of the ion channel structural proteome permits the rapid identification of hydrophobic 
gates. Proceedings of the National Academy of Sciences 116(28):13989-13995. 
42. Miodownik-Aisenberg, J. 1995. Gating kinetics of a calcium-activated potassium channel studied 
at subzero temperatures. Thesis In Department of Physiology, Advisor Wolfgang Nonner. 
University of Miami Medical School, Miami. 128 pages. 
43. Tang, J. M., R. A. Levis, K. G. Lynn, and B. Eiesnberg. 1995. Opening and Closing Transitions of a 
Large Mitochondrial Channel with Microsecond Resolution. Biophysical Journal 68:185a, Poster 
134. 
44. Neher, E. 1997. Ion channels for communication between and within cells Nobel Lecture, 
December 9, 1991. Nobel Lectures, Physiology or Medicine 1991-1995. N. Ringertz, editor. World 
Scientific Publishing Co, Singapore, pp. 10-25. 
45. Sakmann, B., and E. Neher. 1995. Single Channel Recording. Plenum, New York. 
46. Horowitz, P., and W. Hill. 2015. The Art of Electronics. Cambridge University Press. 
47. Joffe, E. B., and K.-S. Lock. 2010. Grounds for Grounding. Wiley-IEEE Press, NY. 
48. Hall, S. H., and H. L. Heck. 2011. Advanced signal integrity for high-speed digital designs. John 
Wiley & Sons. 
49. Paul, C. R. 2006. Introduction to electromagnetic compatibility. John Wiley & Sons. 
50. Scott, W. R., P. H. Hünenberger, I. G. Tironi, A. E. Mark, S. R. Billeter, J. Fennen, A. E. Torda, T. 
Huber, P. Krüger, and W. F. van Gunsteren. 1999. The GROMOS biomolecular simulation program 
package. The Journal of Physical Chemistry A 103(19):3596-3607. 
 19 
51. Salomon‐Ferrer, R., D. A. Case, and R. C. Walker. 2013. An overview of the Amber biomolecular 
simulation package. Wiley Interdisciplinary Reviews: Computational Molecular Science 3(2):198-
210. 
52. Gowers, R. J., M. Linke, J. Barnoud, T. J. E. Reddy, M. N. Melo, S. L. Seyler, J. Domanski, D. L. Dotson, 
S. Buchoux, and I. M. Kenney. 2019. MDAnalysis: a Python package for the rapid analysis of 
molecular dynamics simulations. Los Alamos National Lab.(LANL), Los Alamos, NM (United States). 
53. Phillips, J. C., R. Braun, W. Wang, J. Gumbart, E. Tajkhorshid, E. Villa, C. Chipot, R. D. Skeel, L. Kale, 
and K. Schulten. 2005. Scalable molecular dynamics with NAMD. Journal of computational 
chemistry 26(16):1781-1802. 
54. Christen, M., P. H. Hünenberger, D. Bakowies, R. Baron, R. Burgi, D. P. Geerke, T. N. Heinz, M. A. 
Kastenholz, V. Krautler, C. Oostenbrink, C. Peter, D. Trzesniak, and W. F. van Gunsteren. 2005. The 
GROMOS software for biomolecular simulation: GROMOS05. Journal of computational chemistry 
26(16):1719-1751. 
55. Vasileska, D., S. M. Goodnick, and G. Klimeck. 2010. Computational Electronics: Semiclassical and 
Quantum Device Modeling and Simulation. CRC Press, New York. 
56. Saraniti, M., S. Aboud, and R. Eisenberg. 2005. The Simulation of Ionic Charge Transport in 
Biological Ion Channels: an Introduction to Numerical Methods. Reviews in Computational 
Chemistry 22:229-294. 
57. Aboud, S., D. Marreiro, M. Saraniti, and R. Eisenberg. 2004. A Poisson P3M Force Field Scheme for 
Particle-Based Simulations of Ionic Liquids. J. Computational Electronics 3:117-133. 
58. Marreiro, D. 2006. Efficient particle-based simulation of ion channels. In Electrical Engineering. 
Illinois Institute of Technology (IIT), Chicago. 146. 
59. Sotomayor, M., T. A. van der Straaten, U. Ravaioli, and K. Schulten. 2006. Electrostatic Properties 
of the Mechanosensitive Channel of Small Conductance MscS. Biophys J 90(10):3496-3510. 
60. van der Straaten, T. A., G. Kathawala, R. S. Eisenberg, and U. Ravaioli. 2004. BioMOCA - a 
Boltzmann transport Monte Carlo model for ion channel simulation. . Molecular Simulation 
31:151–171. 
61. van der Straaten, T. A., J. Tang, R. S. Eisenberg, U. Ravaioli, and N. R. Aluru. 2002. Three-
dimensional continuum simulations of ion transport through biological ion channels: effects of 
charge distribution in the constriction region of porin. J. Computational Electronics 1:335-340. 
62. van der Straaten, T. A., J. M. Tang, U. Ravaioli, R. S. Eisenberg, and N. R. Aluru. 2003. Simulating 
Ion Permeation Through the OmpF Porin Ion channel Using Three-Dimensional Drift-Diffusion 
Theory. Journal of Computational Electronics 2:29-47. 
63. Machado, M. R., and S. Pantano. 2020. Split the Charge Difference in Two! a Rule of Thumb for 
Adding Proper Amounts of Ions in MD Simulations. Journal of Chemical Theory and Computation, 
preprint available at file:///C:/Users/bobei/Downloads/SPLIT_v10.pdf. 
64. Albareda, G., D. Marian, A. Benali, A. Alarcón, S. Moises, and X. Oriols. 2016. Electron Devices 
Simulation with Bohmian Trajectories. Simulation of Transport in Nanodevices:261-318. 
65. Albareda, G., D. Marian, A. Benali, A. Alarcón, S. Moises, and X. Oriols. 2016. BITLLES: Electron 
Transport Simulation with Quantum Trajectories. arXiv preprint arXiv:1609.06534. 
66. Benseny, A., G. Albareda, Á. S. Sanz, J. Mompart, and X. Oriols. 2014. Applied bohmian mechanics. 
The European Physical Journal D 68(10):286. 
67. Albareda, G., F. L. Traversa, A. Benali, and X. Oriols. 2012. Computation of Quantum Electrical 
Currents through the Ramo-Shockley-Pellegrini Theorem with Trajectories. Fluctuation & Noise 
Letters 11(3 1242008):1-11. Article. 
68. Ferry, D. K. 2015. Transport in Semiconductor Mesoscopic Devices. Institute of Physics Publishing. 
69. Ferry, D. K. 2015. 50 Years in the Semiconductor Underground. Jenny Stanford Publishing. 
70. Datta, S. 1997. Electronic Transport in Mesoscopic Systems. Cambridge University Press. 
 20 
71. Landauer, R. 1970. Electrical resistance of disordered one-dimensional lattices. The Philosophical 
Magazine: A Journal of Theoretical Experimental and Applied Physics 21(172):863-867. 
72. Rolf, L. 1992. Conductance from transmission: common sense points. Physica Scripta 
1992(T42):110. 
73. Blanter, Y. M., and M. Büttiker. 2000. Shot noise in mesoscopic conductors. Physics reports 336(1-
2):1-166. 
74. Büttiker, M. 1986. Four-terminal phase-coherent conductance. Physical review letters 
57(14):1761. 
75. Barkai, E., R. S. Eisenberg, and Z. Schuss. 1996. A bidirectional shot noise in a singly occupied 
channel. Physical Review E 54(2):1161-1175. 
76. Huxley, A. F. 1963. The quantitative analysis of excitation and conduction in nerve. 
77. Arthur, J. W. 2013. The Evolution of Maxwell's Equations from 1862 to the Present Day. IEEE 
Antennas and Propagation Magazine 55(3):61-81. 
78. Horng, T.-L., R. S. Eisenberg, C. Liu, and F. Bezanilla. 2019. Continuum Gating Current Models 
Computed with Consistent Interactions. Biophysical Journal 116(2):270-282. 
79. Catacuzzeno, L., and F. Franciolini. 2019. Simulation of Gating Currents of the <em>Shaker</em> 
K Channel Using a Brownian Model of the Voltage Sensor. Biophysical Journal 117(10):2005-2019. 
80. Wang, H., and S. Xiang. 2012. On the convergence rates of Legendre approximation. Mathematics 
of Computation 81(278):861-877. 
81. Ma, L., X. Li, and C. Liu. 2016. The Derivation and Approximation of Coarse-grained Dynamics from 
Langevin Dynamics. arXiv:1605.04886. 
82. Ma, L., X. Li, and C. Liu. 2016. From Generalized Langevin Equations to Brownian Dynamics and 
Embedded Brownian Dynamics. arXiv:1606.03625. 
83. Schuss, Z., B. Nadler, and R. S. Eisenberg. 2001. Derivation of Poisson and Nernst-Planck equations 
in a bath and channel from a molecular model. Phys Rev E Stat Nonlin Soft Matter Phys 64(3 Pt 
2):036116. 
84. Hodgkin, A. L. 1937. Evidence for electrical transmission in nerve: Part II. J Physiol 90(2):211-232. 
85. Martin, P. A. 1988. Sum Rules in Charged Fluids. Reviews of Modern Physics 60:1075-1127. 
86. Henderson, J. R. 1992. Statistical Mechanical Sum Rules. Fundamentals of Inhomogeneous Fluids. 
D. Henderson, editor. Marcel Dekker, New York, pp. 23-84. 
87. Eisenberg, R. 2019. PNP what is in a name july 25-1 2019. pdf 10.31224/osf.io/2739d. engrXiv. 
August 3. 
88. Selberherr, S. 1984. Analysis and Simulation of Semiconductor Devices. Springer-Verlag, New 
York. 
89. Jacoboni, C., and P. Lugli. 1989. The Monte Carlo Method for Semiconductor Device Simulation. 
Springer Verlag, New York. 
90. Markowich, P. A., C. A. Ringhofer, and C. Schmeiser. 1990. Semiconductor Equations. Springer-
Verlag, New York. 
91. Bohr, M. 2007. A 30 year retrospective on Dennard's MOSFET scaling paper. IEEE Solid-State 
Circuits Society Newsletter 12(1):11-13. 
92. Dennard, R. H., F. H. Gaensslen, V. L. Rideout, E. Bassous, and A. R. LeBlanc. 1974. Design of ion-
implanted MOSFET's with very small physical dimensions. Solid-State Circuits, IEEE Journal of 
9(5):256-268. 
93. Dennard, R. H., F. H. Gaensslen, H.-N. Yu, V. L. Rideout, E. Bassous, and A. R. LeBlanc. 1999. Design 
of Ion-Implanted MOSFET's with Very Small Physical Dimensions. Proceedings of the IEEE 
87(4):668-678. 
94. Bazant, M. Z., K. Thornton, and A. Ajdari. 2004. Diffuse-charge dynamics in electrochemical 
systems. Physical Review E 70:021506. 
 21 
95. Eisenberg, B. 2013. Interacting ions in Biophysics: Real is not ideal. . Biophysical Journal 104:1849-
1866. 
96. Eisenberg, B. 2003. Proteins, Channels, and Crowded Ions. Biophysical chemistry 100:507 - 517. 
97. Barcilon, V., D. P. Chen, and R. S. Eisenberg. 1992. Ion flow through narrow membranes channels: 
Part II. Society of Industrial and Applied Mathematics Journal of Applied Mathematics 52:1405-
1425. 
98. Chen, D. P., and R. S. Eisenberg. 1993. Charges, currents and potentials in ionic channels of one 
conformation. Biophys. J 64:1405–1421. 
99. Eisenberg, R. S. 1996. Computing the field in proteins and channels. Journal of Membrane Biology 
150:1–25.  Preprint available on physics arXiv as document 1009.2857. 
100. Coalson, R. D., and M. G. Kurnikova. 2005. Poisson-Nernst-Planck theory approach to the 
calculation of current through biological ion channels. IEEE transactions on nanobioscience 
4(1):81-93. 
101. Hollerbach, U., D. P. Chen, D. D. Busath, and B. Eisenberg. 2000. Predicting function from structure 
using the Poisson-Nernst-Planck equations: sodium current in the gramicidin A channel. Langmuir 
16:5509-5514. 
102. Singer, A., and J. Norbury. 2009. A Poisson-Nernst-Planck Model for Biological Ion Channels---An 
Asymptotic Analysis in a Three-dimensional Narrow Funnel. SIAM J Appl Math 70:949-968. 
103. Burger, M. 2011. Inverse problems in ion channel modelling. Inverse Problems 27(8):083001. 
104. Lin, G., W. Liu, Y. Yi, and M. Zhang. 2013. Poisson--Nernst--Planck systems for ion flow with a local 
hard-sphere potential for ion size effects. SIAM Journal on Applied Dynamical Systems 12(3):1613-
1648. 
105. Liu, J.-L., D. Xie, and B. Eisenberg. 2017. Poisson-Fermi Formulation of Nonlocal Electrostatics in 
Electrolyte Solutions. Molecuar Based Mathematical Biology 5:116-124, also available at 
https://arxiv.org/abs/1703.08290. 
106. Xie, D., J.-L. Liu, and B. Eisenberg. 2016. Nonlocal Poisson-Fermi model for ionic solvent. Physical 
Review E 94(1):012114. 
107. Liu, J.-L., and B. Eisenberg. 2015. Poisson–Fermi model of single ion activities in aqueous solutions. 
Chemical Physics Letters 637:1-6. 
108. Liu, J.-L., and B. Eisenberg. 2015. Numerical Methods for Poisson-Nernst-Planck-Fermi Model 
Physical Review E 92: 012711. Also available on the physics arXiv at 
http://arxiv.org/pdf/011506.005953v012711.pdf. 
109. Liu, J. L., and B. Eisenberg. Molecular Mean-Field Theory of Ionic Solutions: a Poisson-Nernst-
Planck-Bikerman Model. Preprint availabe at https://arxiv.org/abs/2004.10300. 
110. Bikerman, J. J. 1942. Structure and capacity of electrical double layer. Philosophical Magazine 
Series 7 33(220):384-397. 
111. Vera, J. H., and G. Wilczek-Vera. 2016. Classical Thermodynamics of Fluid Systems: Principles and 
Applications. Crc Press. 
112. Eisenberg, R. S. 1996. Atomic Biology, Electrostatics and Ionic Channels. New Developments and 
Theoretical Studies of Proteins. R. Elber, editor. World Scientific, Philadelphia, pp. 269-357.  
Published in the Physics ArXiv as arXiv:0807.0715. 
113. Ramey, S. M., and D. K. Ferry. 2004. Quantum modelling of particle–particle interactions in SOI 
MOSFETs. Semiconductor Science and Technology 19(4):S238-S240. 
114. Ramey, S. M., and D. K. Ferry. 2003. A new model of including discrete dopant ions into monte 
carlo simulations. IEEE transactions on Nanotechnology 2(4):193-197. 
115. Boda, D. 2014. Monte Carlo Simulation of Electrolyte Solutions in biology: in and out of 
equilibrium. Annual Review of Compuational Chemistry 10:127-164. 
 22 
116. Ható, Z., D. Boda, D. Gillespie, J. Vrabec, G. Rutkai, and T. Kristóf. 2016. Simulation study of a 
rectifying bipolar ion channel: Detailed model versus reduced model. Condensed Matter Physics 
19(1):13802. 
117. Hato, Z., M. Valisko, T. Kristof, D. Gillespie, and D. Boda. 2017. Multiscale modeling of a rectifying 
bipolar nanopore: explicit-water versus implicit-water simulations. Phys Chem Chem Phys 
19(27):17816-17826. 
118. Matejczyk, B., M. Valisko, M. T. Wolfram, J. F. Pietschmann, and D. Boda. 2017. Multiscale 
modeling of a rectifying bipolar nanopore: Comparing Poisson-Nernst-Planck to Monte Carlo. The 
Journal of chemical physics 146(12):124125. 
119. Valiskó, M., T. Kristóf, D. Gillespie, and D. Boda. 2018. A systematic Monte Carlo simulation study 
of the primitive model planar electrical double layer over an extended range of concentrations, 
electrode charges, cation diameters and valences. AIP Advances 8(2):025320. 
120. Valiskó, M., B. Matejczyk, Z. Ható, T. Kristóf, E. Mádai, D. Fertig, D. Gillespie, and D. Boda. 2019. 
Multiscale analysis of the effect of surface charge pattern on a nanopore's rectification and 
selectivity properties: from all-atom model to Poisson-Nernst-Planck. arXiv preprint 
arXiv:1902.07117. 
121. Gillespie, D. 2015. A review of steric interactions of ions: Why some theories succeed and others 
fail to account for ion size. Microfluidics and Nanofluidics 18 717-738. 
122. Barcilon, V., J. Cole, and R. S. Eisenberg. 1971. A singular perturbation analysis of induced electric 
fields in nerve cells. SIAM J. Appl. Math. 21(2):339-354. 
123. Eisenberg, R. S., and E. Engel. 1970. The spatial variation of membrane potential near a small 
source of current in a spherical cell. J Gen Physiol 55(6):736-757. 
124. Peskoff, A., and R. S. Eisenberg. 1973. Interpretation of some microelectrode measurements of 
electrical properties of cells. Annual review of biophysics and bioengineering 2:65-79. 
125. Peskoff, A., and R. S. Eisenberg. 1975. The time-dependent potential in a spherical cell using 
matched asymptotic expansions. Journal of Mathematical Biology 2(The time-dependent 
potential in a spherical cell using matched asymptotic expansions):277-300. 
126. Eisenberg, B., Y. Hyon, and C. Liu. 2010. Energy Variational Analysis EnVarA of Ions in Water and 
Channels: Field Theory for Primitive Models of Complex Ionic Fluids. Journal of Chemical Physics 
133(10):104104. 
127. Elber, R., D. Chen, D. Rojewska, and R. S. Eisenberg. 1995. Sodium in gramicidin: An example of a 
permion. Biophys. J. 68:906-924. 
128. Schirmer, T., and P. S. Phale. 1999. Brownian Dynamics Simulation of Ion Flow through porin 
channels. Journal of molecular biology 294:1159-1167. 
129. Aboud, S., D. Marreiro, M. Saraniti, and R. Eisenberg. 2005. The role of long-range forces in Porin 
channel conduction. Journal of Computational Electronics 4(1-2):175-178. 
130. Kelvin, L. 1855. On the theory of the electric telegraph. Proceedings of the Royal Society (London) 
7:382-399. 
131. Standage, T. 2018. The Victorian Internet: The Remarkable Story of the Telegraph and the 
Nineteenth Century's On-line Pioneers. Bloomsbury Publishing. 
132. Gordon, J. S. 2008. A Thread Across the Ocean: The Heroic Story of the Transatlantic Cable. Paw 
Prints. 
 
